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Abstract. Materials and computational methods are essential to support the development of
infrastructure. Composite material has been used in many applications; in the laminated composite,
failure due to excessive interlaminar stresses between two materials causes delamination. Thus,
functionally graded materials (FGMs) have emerged. A numerical computation such as the finite
element method (FEM) is widely used to support the analysis of FGMs in structural applications.
The discrete shear gap DSG element is developed using Timoshenko beam theory, where the shear
correction factor is used in their formulation. The shear correction factor is assumed to be constant
in many applications; thus, it is valid for isotropic homogenous material. However, the effect of
shear deformation significantly impacts the results of the FGMs beam, so the shear correction factor
cannot be considered constant. Therefore, this paper presents the shear correction factor effect on
static analysis of FGMs beam using DSG element. Various boundary conditions with length thickness
ratio (L/h = 4) are evaluated. The DSG element yields good results in FGMs beam for different
power-law index ratios. Furthermore, the DSG element result shows that the higher the modulus of
elasticity ratio of the top-to-bottom material, the further the difference between k FGMs and k=5/6
(constant). The DSG element can provide precise results without shear locking.

Keywords: Composite; DSG; FEM; FGMs; Shear correction factors

1. Introduction

Composites are the combination of materials selected based on the variety of the
physical properties of each constituent material. They are combined to produce a new
material with unique properties compared to those of the primary material. The application
of composite material in beam structures can be found in Benbouras et al. (2017).
Delamination remains a large problem in laminated composites (Reddy, 2006). In an
attempt to solve this problem, new composite materials, called Functionally Graded
Materials (FGMs), were first proposed in 1984 by a group of materials scientists in Japan.

The material properties vary gradually and continuously from one surface to another
according to the given function. The gradation of material properties through thickness
avoids sudden changes in stress distribution. In general, this material is a mixture of
ceramics on the top and metal at the bottom. The main benefit of using this material is that
it can withstand extreme situations like a high-temperature environment. The use of this
material increases rapidly in many applications. Numerical analysis such as FEM is desired
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to support the development of FGMs.

FEM is one of the numerical techniques used to support structural analysis. Many
papers deal with the recent development of FEM in plate and shell structures for isotropic
material (Katili et al., 2014; Maknun et al., 2016; Irpanni et al., 2017; Katili et al., 2017; Katili
et al., 2018a; Katili et al., 2018b; Katili et al., 2019a). The results of FEM for the composite
material can be found in (Katili et al., 2015; Maknun et al., 2015; Katili et al., 2018c; Katili et
al., 2018d; Katili et al.,, 2019b; Maknun et al., 2020). From the results, FEM can support the
analysis of plate and shell structures in isotropic and composite materials with accurate
results.

FEM performs very well in calculating FGMs beam (Simsek, 2009; Thai and Vo 2012;
Nguyen et al., 2013, Aghazadeh et al., 2014; Jing et al., 2016; Katili and Katili 2020). Many
beam elements have been proposed for application in beam structures using either Euler
Bernoulli's or Timoshenko’s (Timoshenko, 1921; Timoshenko, 1922) beam theories. The
beam element developed using Euler Bernoulli's beam theory needs C! continuity and can
only be used for thin beam structures. Timoshenko beam elements were proposed to
overcome these limitations. Beam elements developed from Timoshenko beam theory can
be used for thin to thick beam structures and need only CO continuity. However, the shear
locking phenomenon exists in Timoshenko beam elements. There are several methods to
overcome this phenomenon. One of these is the discrete shear gap (DSG) method proposed
by Bletzinger et al. (2000).

For the beam element developed from Timoshenko beam theory, such as the DSG
element, the shear correction factor is one of the necessary terms. This factor obtained from
the shear strain energy from equilibrium equations equated to the shear strain energy
obtained from the constitutive equation (Meena et al, 2012). In isotropic rectangular
beams, this factor is equal to k = 5/6. For many applications of FGMs in beam structures,
the shear correction factor is assumed to be constant. This factor is not constant for non-
isotropic material like FGMs. This factor has a significant effect when analyzing thick beam
problems in which the shear energy is crucial, which many papers have dealt with.
(Timoshenko, 1922; Nguyen et al., 2008; Hosseini-Hashem et al. 2010).

This paper aims to study the effect of the shear correction factor on the FGMs beam by
using the DSG element. The equation for the shear correction factor is taken from Meena et
al. (2012). FGMs beams with various boundary conditions and length thickness ratios (L/h
= 4) are evaluated. Different power-law indexes (n) are also assessed to understand the
convergence behavior of the DSG element in the FGMs beam.

2. Methods

2.1. FGM Beams

According to the given function, FGMs are materials whose mechanical properties
change slowly and continuously from one surface to another. One application of this FGMs
is for beam structures. The FGMs beam is illustrated as follows:

Y 5 3
Ceramic

T ¥ Metal

v ——) X :l:h
e —

| L | b
|

Figure 1 FGMs beams in cartesian coordinates
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The material properties of FGMs change according to the thickness of the beam (i.e., change
in the y-axis). In the perfect form of FGMs, the material properties change continuously and
gradually according to various patterns, such as exponential law, power law, and sigmoid
law (Malikan and Eremeyev, 2020). In this study, the power law is employed, and the
following are the volume fraction functions of the FGMs by using the power law (P-FGMs):

2y+hY' 1 1
V,(y)= —~h<y<=h 1
p(Y) ( o j Snsyss (1)

where h is the thickness of the beam, y is the coordinate along the thickness direction, n is
the power-law index for the FGM, and Vp is the volume fraction along the thickness
direction.
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Figure 2 Distribution of material volume fraction along with beam thickness (P-FGMs)

The effective properties of the FGMs is expressed by:

P(Yy)=RV,(y)+Rd-V,(y)) (2)
The modulus of elasticity (E) of the beam is then expressed by:
E(y) =EV,(¥)+E,Q-V,(¥) 3)

where E: denotes the material properties at the top of the beam and E» means the material
properties at the bottom of the beam. In the FGMs beam, ceramic is used on the top and
metal at the bottom, as shown in Figure 1. The deformation of the beam in FGMs application
is expressed by Katili and Katili (2020) as:

u(x, y) =u, (x) - y6(x)
V(X y) =V(X)
where u(x,y) is the displacement of the beam in the x-y plane, uq(x) is the axial displacement
function, 0(x) is the rotation function for bending, and v(x,y) is the vertical displacement of

the beam. Then, the axial and transverse shear strains (¢ dan y) at the point x along the
beam in the x-y plane are as follows:

(4)

o(xy) = 2 e+ 00 (5)
where:
e(x) = % (6)
X
y(x) =~ 20X 7

dx
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Transverse Shear Strain:
B dv(x)
dx

Y(X)

The material of the FGMs beam obeys Hooke’s law; thus, the relationship between normal
stress and normal strain is as follows:

—6(x) (8)

o= E(y)e(x, y) = E(Y)e(x) +E(Y)yx(X) 9)
Then the relationship between shear stress and transverse shear strain is as follows:
T=G(y)y(X) (10)
Shear modulus G(y) is stated as follows:
E(y)
G(v) = 11
(V) =7 ) an

with v as Poisson's ratio, which is assumed to be constant in this paper.

2.2. DSG Element

The discrete shear gap (DSG) method proposed by Bletzinger et al. (2000) suggests
overcoming the shear locking phenomenon in Timoshenko beam elements. This method is
performed by modifying the shear strain formulation in conventional FEM to be DSG shear
strain. The axial displacement u, the vertical displacement v, and the rotation 6 are
interpolated as follows:

ux)=(N, 0 0 N, 0 0){u,}
v(x)=(0 N, 0 0 N, 0){u,} (12)
00=(0 0 N, 0 0 N,){u,}
with
N,=1-2 ; N,==
L L (13)
(upy={(u, v, 6, u, v, 6,

Introducing Equation 12 to Equation 6 yields:

du_ (x)
e=——"-==(B,)iu,
« 0 —(B,)1u,) .

<Ba>=<—i 00 % 0 0>

Introducing Equation 12 to Equation 7 yields:

:_de(x): B\ fu
X dX < b>{ n} (15)

1 1
B)=(0 0 -—— 0 0 —
B)=(0 0 -% 00 )
Following Katili (2017), the modification shear strain in the DSG element is expressed as:
T= <Bs > {un }

(16)
SEEELIE

The stiffness matrix of DSG elements in FGMs beams is composed of the sum obtained
from axial, flexural, couple axial bending, and internal shear energies, as follows:
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1. Axial Energy

1
I3, =50 !edx
L
T3, =0, (u,) (B} (B, o, o a7
2 0
[ka]:Daj{
0
2. Bending Energy
L
b _
1_Iint EDb‘(‘)‘XZdX
1.5 18
115, =5, [{u,) (B} (B o} ox 0o
0
L
[k, ]= D, |{B,}(B,)dx
0
3. Shear Energy
s 1ot
1_Iint = E DS.(['YZdX
1.7 19
Hint:EDSJ.<un>{Bs}<Bs>{un}dX (19)
0
L
[k, ]=D,|{B,}(B;)dx
0
4. Couple Axial—Bending Energy
L 1 L
e = Dab _[ eydx + 5 D,, j xedx
0 0
w1 o ¢ 20
nma=2Dab{J<un>{sa}<sb>{un}dx+J<un>{Bb}<Ba>{un}dx} =0
0 0
L
[kab]:Dabj Ba}<Bb>dX
0
where:
Et_Eb
D, = | E(y)dA=bh E
o= [EW) ( T j
n*+n+2)(E -E
D, = [ y’E(y)dA=bh’ (n:+n-+2)(E ) \E
. 4(n+1)(n+2)(n+3) 12 (21)

D, =k[G(y)dA=kbhG(y)

D,, = | yE(y)dA=bh2(2(rr]1(+Ei)_(nEb+)2)]

The combined stiffness matrix of DSG elements in FGMs beams is obtained by adding
up each of the axial, flexural, axial-bending, and shear stiffness matrices, as follows:
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[K]=[ka ]+ [k ] [ ] [k T+ [k T (22)
Then, the following is the external energy equation in the DSG element beam:
Mo = (Un){ fo} (23)
Then, the vector component(f,) can be expressed as follows:
(fn>=f0<0 %L %LZ 0 %L —112|_2> (24)

2.3. Shear Correction Factors

The shear correction factor improves the ideal shear stiffness. For homogeneous
material properties, the shear correction factor is constant and depends on the geometry of
the beam cross-sectional area. For FGMs, following Meena et al. (2012), the shear correction

factor (k FGMs) can be written as follows:
-1

“ (Wb b sy E W0y D, jdy}

k FGMs=—_ - dy (25)
J‘ E(y) y| -2 (y)
2ol 2(L+v) 2(1+v)

3. Results and Discussion

The FGMs beams with various boundary conditions and length thickness ratios (L/h =
4 thick beam) are evaluated to understand the performance of the DSG element. Moreover,
the effect of a shear correction factor on the convergence of the FGMs beam is evaluated.
Different power-law index ratios and two moduli of elasticity ratios of the top-to-bottom
material (Et/Eb) are assessed.

3.1. Case with Et/Eb = 0.35

The first case used to evaluate the effect of the shear correction factor is an FGMs beam
(Figure 3) with Et/Eb = 0.35. The bottom surface of the beam uses zirconia (ZrO2), a
material with an elastic modulus of 200 GPa. The top surface of the beam is aluminum (Al),
which has an elastic modulus of 70 GPa. Poisson's ratio is assumed to be a constant 0.3, and
distributed load is set at ¢ = 1 kN/m. This case was investigated for several support types:
hinged-roll, hinged-hinged, clamped-roll, clamped-hinged, clamped-free, and clamped-
clamped. Moreover, the beam structures were discretized into number of elements (NELT)
=2,4,8,16,32, 64, and 128 elements. The results acquired through the use of Timoshenko
beam theory (TBT) and higher order shear deformation theory (HOSDT) are used as a
comparison to the proposed model.
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Figure 3 Hinged-roll beams



1256 Shear Correction Factor Effects on Functionally Graded Materials (FGMs) Beams
using Discrete Shear Gap (DSG) Element

The comparison of the displacement results between the constant shear correction
factor (k=5/6) and the shear correction factor k FGMs for the hinged-roll beam with L/h =
4 and different power-law index (n) are shown in Tables 1 and 2 and Figure 4. It was found
that the vertical displacement is close to the results given by HOSDT. These results indicate
that deflection decreases with increasing power-law index. This is because it reduces
flexibility while increasing the power-law index, which decreases the metallic volume
fraction. Similar results were found for k = 5/6 and k FGMs. The small modulus of the
elasticity ratio of the top-to-bottom materials has a marginal effect on the displacement of
the hinged-roll beam with L/h = 4.

Table 1 Convergence of vertical displacement for hinged-roll with k=5/6

Power Numbers of Element (NELT) TBT HOSDT
Law (Simsek,  (Simsek,
Index (n) 2 4 8 16 32 64 128 2009) 2009)

0 095600 1.10600 1.14350 1.15288 1.15522 1.15580 1.15595 1.13002  1.15578
0.2 0.71859 0.83099 0.85909 0.86612 0.86787 0.86831 0.86842 0.84906  0.87145
0.5 0.60391 0.69908 0.72287 0.72881 0.73030 0.73067 0.73077 0.71482  0.73264

1 0.53044 0.61473 0.63581 0.64108 0.64239 0.64272 0.64280 0.62936  0.64271

2 0.47255 0.54808 0.56697 0.57169 0.57287 0.57316 0.57324 0.56165 0.57142

5 0.41382 0.47993 0.49645 0.50058 0.50162 0.50188 0.50194 0.49176  0.49978

10 0.38173 0.44242 0.45760 0.46139 0.46234 0.46258 0.46264 - 0.46263

Table 2 Convergence of vertical displacement for hinged-roll with k FGMs

Power Numbers of Element (NELT) TBT HOSDT
Law (Simsek, (Simsek,
Index (n) 2 4 8 16 32 64 128 2009) 2009)
0 0.95600 1.10600 1.14350 1.15287 1.15522 1.15580 1.15595 1.13002 1.15578
0.2 0.72140 0.83380 0.86190 0.86893 0.87068 0.87112 0.87123  0.84906 0.87145
0.5 0.60606 0.70122 0.72502 0.73096 0.73245 0.73282 0.73292  0.71482 0.73264
1 0.53067 0.61496 0.63603 0.64130 0.64262 0.64295 0.64303 0.62936 0.64271
2 0.47087 0.54641 0.56529 0.57001 0.57119 0.57149 0.57156 0.56165 0.57142
5 0.41176 0.47787 0.49440 0.49853 0.49957 0.49982 0.49989 0.49176 0.49978
10 0.38054 0.44123 0.45640 0.46020 0.46114 0.46138 0.46144 - 0.46263
=@=k=5/6 TBT ——HOSDT —e—k FGMs =0-k=5/6 —e—k FGMs
0.520 0.515
0.500 . . - = 0.492 | s a a L
0.480 0.469
0.460
0.440 0.446
0.420 0.423
0.400 0.400
2 4 8 16 32 64 128 2 4 8 16 32 64 128
NELT NELT
(a) (b)
~0-k=5/6 —o—k FGMs ~0-k=5/6 —o—k FGMs
0.290 0.290
0.260 ® ° * ° 0.260 e * * ®
0.230 0.230
0.200 0.200
0.170 0.170
0.140 0.140
2 4 8 16 32 64 128 2 4 8 16 32 64 128
NELT NELT

(©) (d)
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k=5/6 —e—k FGMs k=5/6 —e—k FGMs
0.480 0.865
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Figure 4 The convergence of the vertical displacement for n = 5 and ratio Et/Eb = 0.35 on six
different supports with: (a) hinged-roll; (b) hinged-hinged; (c) clamped-roll; (d) clamped-simple;
(e) clamped-free; and (f) clamped-clamped

Table 3 presents the displacement error by using the constant shear correction factor
(k =5/6) compared with k FGMs for six types of supports. It can be seen that the largest
error occurs in the clamped-clamped support, and the smallest error occurs in the clamped-
free support. This is because shear deformation energy is the greatest in the clamped-
clamped support, and the smallest amount of energy occurs in the clamped-free support, as
shown in Table 4. It was found that the clamped-clamped shear energy is 46.48% of the
total energy of the structures for thick beams.

Table 3 The error of displacement (Et/Eb = 0.35 and L/h = 4)

Support Error (%)
hinged-roll 0.411
hinged- hinged 0.418
clamped -roll 0.937
clamped -simple 0.938
clamped-free 0.184
clamped - clamped 1.394

Table 4 Percentage of shear energy on total energy (Et/Eb = 0.35 and L/h = 4)

% of shear

Support Total Energy Shear Energy energy
hinged-roll 3.690E-11 4.665E-12 12.642
hinged- hinged 3.623E-11 4.665E-12 12.875
clamped -roll 1.759E-11 5.469E-12 31.089
clamped -simple 1.754E-11 5.457E-12 31.119
clamped-free 2.121E-10 1.866E-11 8.800
clamped - clamped 1.004E-11 4.665E-12 46.483

3.2. Case with Et/Eb = 20

The second case of FGMs beams is taken from Meena et al. (2012). In this case, the
extreme value of Et/Eb = 20 (Et = 1400 GPa, Eb = 70 GPa) is evaluated. As in the first case,
L/h =4, and the Poisson's ratio constant value of 0.3 is employed. Several types of supports
were used: hinged-roll, hinged-hinged, clamped-roll, clamped-hinged, clamped-free, and
clamped-clamped. Moreover, the beam structures were discretized into number of
elements (NELT) = 2, 4, 8, 16, 32, 64, and 128 elements.

Figure 5 presents the results of maximum displacement for k= 5/6 and k FGMs. From
the results, it is shown that the differences are significant. This is due to the difference in
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modulus elasticity affecting the value of k. Therefore, for FGMs application, it is necessary
to use k obtained by FGMs theory for thick beams when the value of Et/Eb is important.
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8.340
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6.730
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2 4 8 16 32 64 128
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Figure 5 The convergence of the vertical displacement for n = 10 and ratio Et/Eb = 20 on six
different supports with (a) hinged-roll; (b) hinged-hinged; (c) clamped-roll; (d) clamped-simple;

(e) clamped-free; and (f) clamped-clamped

Table 5 shows the error of displacement for six types of supports. As in the first case, it
was found that the most significant error occurs in the clamped-clamped support, and the
smallest error was found in the clamped-free support. In this case, the error is larger.
Table 5 The error of displacement (Et/Eb = 20 and L/h = 4)

Support Error (%)
hinged-roll 9.367
hinged- hinged 13.520
clamped -roll 18.974
clamped -simple 19.583
clamped-free 4.432
clamped - clamped 25.751

4. Conclusions

From the analysis, it can be concluded that the performance of DSG elements on FGMs
beams yields good results. The convergence results for k =5/6 and k FGMs are close to the
HOSDT reference for the number of elements > 16. The top and bottom elastic modulus
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(Et/EDb) ratio and the power-law index (n) influence the shear correction factor. The greater
the Et/EDb ratio, the greater the effect of the shear correction factor. In the case with Et/Eb
= 0.35 for thick beams (L/h = 4), the error of displacement ranged from 0.184% (clamped-
free) to 1.394% (clamped-clamped). In the case with Et/Eb = 20 for thick beams (L/h = 4),
the error of displacement ranged from 4.432% (clamped-free) to 25.751%. (clamped-
clamped). The largest error occurred in the clamped-clamped support shear energy is more
important here than in other supports.
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