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Abstract. In this study, an integrated inventory model was developed among one vendor, multi
buyers, and multi products. The total inventory cost to be minimized in this model is a combination
of the vendor’s and the buyers’ total inventory costs. The total vendor inventory costs consist of
setup costs and holding costs and the total inventory cost of the buyer consists of ordering costs,
holding costs, stockout costs, and crashing lead time costs where the crashing lead time cost is
approximated with an exponential function. Three decision variables will be calculated: the number
of buyer orders, the lead time of each buyer, and the frequency of vendor shipments to all buyers in
one production cycle. In this study, the optimal solution of each decision variable has been
developed and applied to a case to show the use of models for finding optimal solutions. The
sensitivity has also been performed to show the effects of some factors on the decision variables.
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1. Introduction

There are many ways that companies maintain customer trust; one of them is trying to
consistently fulfil the customer’s demand. This goal utilizes a supply chain in many fields,
such as the Malaysian automotive industry (Ashari et al., 2018), school feeding program in
the Philippines (Miro et al., 2018), Malaysian public sector projects (Riazi and Nawi, 2018),
etc. Supply chains rely much on inventory management. According to Tersine (1994),
important component in inventory management is lead, which usually consists of several
components: order preparation, supplier lead time, delivery time, and setup time. In real
world conditions, one or more the lead time components can usually be reduced by
incurring the additional costs, usually known as the crashing lead time costs (Jha and
Shanker, 2009). With the option to reduce it, lead time can also be one of the decision
variables in inventory management where a company wants to have a shorter lead time.
Therefore, if the company has the option to reduce its lead times, it can minimize the total
cost of inventory. Liao and Shyu (1991) consider the possibility of crashing lead time and
developed an inventory model that makes the lead time as a decision variable by assuming
the number of products ordered is known and the demand follows normal distribution.

The lead time is assumed to consist of n components which each component has the
crashing lead time costs. Liao and Shyu’s model has been continued by Ben-Daya and Raouf
(1994).
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Their inventory model made the lead time and number of products ordered decision
variables. Ouyang et al. (1996) then developed an inventory model that could reduce the
lead times, and considered the occurrence of a stockout with backorder and lost sales at the
same time (partial backorder). They also assumed that lead time consists of n independent
components. Moon and Choi (1998) developed a crashing lead time inventory model that
considered the stockout (partial backorder). They determined that the number of ordered
products, lead time, and reorder points were the decision variables. Chang and Chang
(2001) developed a crashing lead time inventory model by considering the quantity
discount and later developed a crashing lead time inventory model that considered the
resources limitations and the seasonal demand (Chen and Chang 2007).

In the supply chain, the increased competition and customer demands make a company
continue to improve the efficiency of its operational activities to reduce the costs. This
requires a good coordination or integration in its supply chain. In an integrated inventory
model, the total cost to be minimized is the combined total cost of several parties involved.
Pan and Yang (2002) developed an integrated inventory model between one vendor and
one buyer that considered the crashing lead time. Ouyang et al. (2004) developed Pan and
Yang's research by considering the stockout (fully backorder). Yang and Pan (2004) again
developed an integrated inventory model between one vendor and one buyer that
considered crashing lead time and the investment cost for quality improvement.

Jha and Shanker (2009) developed an inventory model that integrates one vendor and
one buyer. In the model, there is one additional decision variable that must be determined:
the number or frequency of delivery from vendor to buyer in one production cycle. They
assumed that the vendor uses a batch production system, while the buyer uses a continuous
review policy or inventory system of method Q. Jha and Shanker (2013) further developed
an inventory model that integrates one vendor and several buyers, considering the
possibility of reducing lead times accompanied by the service level limits. However, this
model has never been developed into a multi-product inventory model. Zhu and Xu (2012)
developed the optimized design of a closed-loop supply chain on an uncertain environment
where dynamic state of location, facility extension, and capacity improvement were
considered. Vijayashree and Uthayakumar (2016) also developed a model of inventory with
the possibility to reduce the lead time. The model did not consider the stockout costs and
assumed that the cost of crashing lead time is approximated by an exponential function with
the maximum value of LE and can be reduced to a minimum value of LS. By reducing the
lead time, a company can reduce the amount of safety stock, reduce the possibility of
stockouts, and increase the service levels. Then, they improved the model by considering
three lead time crashing cost functions (2017). An integrated inventory model finds the
optimal solutions of order quantity, lead time, total cost for the buyer, total cost for the
vendor, and the total number of deliveries. These two papers present an integrated single
vendor and single buyer inventory model to minimize the sum of the cost of ordering, setup,
holding, and crashing by simultaneously optimizing the optimal order quantity, lead time,
and number of deliveries. The main contribution of these two proposed models is to find
and minimize the integrated total cost for the single vendor and single buyer. The study of
a single vendor-buyer model with stochastic demand and transportation cost was also
investigated by Ivan and Hui (2018). In this study, the transportation cost was a function of
shipping weight, distance, and transportation modes. A heuristic model was developed to
minimize the integrated total relevant cost, and the decision variables were the buyer’s
order quantity and the vendor’s production quantity per cycle. They then considered
defective items and error in inspection (2019). The results showed that lead-time can be
shortened with smaller production lot sizes. Mofokeng and Chinomona (2019) found that
partnership, collaboration, and integration can generally influence the performance of
supply chain, particularly within the small and medium enterprise (SME). The research
explained some general factors that affect the supply chain performance.
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No single study takes into full consideration the factors of one vendor, multi buyers,
multi products, crashing lead-time, and stockout. In this study, the continuation of an
integrated inventory model has been carried out by considering all these factors. The total
inventory cost, as the supply chain performance and to be minimized in this model, is a
combination of the vendor’s and the buyer’s total inventory costs.

2. Methods

This study derived a supply chain integrated model or the inventory integrated model
that consists of one vendor, multi buyers, and multi products represented by the total
inventory cost of joint vendor inventory and all buyers for multi items, as shown in
Equation 1. The total vendor inventory costs consists of setup costs and holding costs. The
total buyer inventory cost consists of ordering costs, holding costs, stock out costs, and
crashing lead time costs. The existence of stockouts (partial backorder) and the possibility
for buyers to reduce leads time was considered in the model. The model was used to
determine the number of buyer orders (the order size) for each product, the lead time for
each product, and the frequency of shipments from the vendor to buyers in one production
cycle. The model was used for a case using a hypothetical data. The sensitivity analysis was
also performed to show the effect of some parameters to the decision variables.

The following are the notations used in this study;

w : Index for the number of products.

Gi : Vendor setup cost for item i,

m; : The frequency of vendor shipments to all buyers in one production cycle for item i.
Fi : The number of item 7 ordered by all buyers.

hv;  :The vendor holding costs per unit per year for item i.

P; : The vendor production rate for item i.

N : Index for the number of buyers.

Bi : The total demand per year for all buyers for item 1.

Ajj : The ordering cost for buyer j and for item i.

Dj : The demand per year for buyer j and for item i.

Qy : The number of item i ordered by buyer j.
hi;  :The holding cost for buyer j and for item i.

ki : The safety factor for buyer j and for item i where: P(Z>k;;) = q;

qij : The percentage of allowable stock out for buyer j and for item i.

gjj : The standard deviation of demand for buyer j and for item i.

Li : The lead time for buyer j and for item i.

Bii : The backorder fraction demand for buyer j and for item i.

P : The cumulative distribution function of a standard normal distribution.

[0) : The density function of a standard normal distribution.

Tjj : The backorder cost for buyer j and for item i.

mo;  : The lost sales cost for buyer j and for item i.

R(Lj) :The crashing lead time costs function when a buyer j places an order for item i.
Cij : The positive constant on exponential function of crashing lead time for buyer j and item i.

2.1. Model Formulation and Assumptions
The study used the following assumptions:

=

. The system consists of multi buyers supplied with multi products by one vendor.
. Every item has a production process that is independent from one another.
3. The buyer j orders the Q; unit of item i to the vendor. The vendor manufactures m;F; for

N

D. .
item i with the production rate of P, then Q;; = F; B—”
i

4. The vendor’s production rate P; is greater than the customer’s demand for each item.
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[O)1

. Buyers use the continuous review inventory policy.

6. The demands for each buyer are probabilistic and are assumed to follow a normal
distribution.

. Backorder stock-out fractions are known.

8. The crashing lead time cost is assumed to increase exponentially as the amount of lead

time reduced and this cost will be charged to the buyer.

~

In this study, the mathematical models derived by Jha and Shanker (2013) will be
developed by the case of multi products. Based on Figure 1, a vendor will supply several
types of products to several buyers and it can be stated, therefore B; = Z?’zl D;.

Each buyer j will order the item i with order size Qj;, and then the vendor will start the
production with a constant rate of P. The vendor will produce m;F; unit item i in one

production cycle ml *, where F; = Z?’:l Q;;- In one production cycle, the vendor will send F;

units of the item i for m, times to fulfill the demand for the item i and each buyer J will receive
the size of the Q; units. The number of item 7/ ordered by each buyer j will be in accordance

D. .
with the proportion of the demand for each buyer for the item, thatis Q;; = F; B—l_] (as stated
13

in the assumption).

The vendor will start to send the F; units of the item 7 after the period of % they will
then continue shipping the products to all buyers at the time of % until the inventory of
products runs out. The total inventory cost model is a combination of the total vendor
inventory costs for all products plus the total cost of inventory of all buyers for all products.
The total vendor inventory costs consist of the setup costs and holding costs. Both of these
cost components will be developed based on the research conducted by Jha and Shanker
(2013). The buyers’ total inventory cost consists of the ordering cost, the holding cost, the
stockout costs, and the cost of crashing lead time for all buyers. The ordering cost of all
buyers was also developed based on the research conducted by Jha and Shanker (2013).
The holding and stockout costs of all buyers are developed based on the research conducted
by Ouyang et al. (1996) and the crashing lead time cost will be developed based on the
research conducted by Vijayashree and Uthayakumar (2016). Equation 1 shows the total

inventory cost of joint vendor inventory and all buyers for item i

TCG (Qy Ly m;) = The vendor setup costs + the vendor holding costs + the buyer ordering
costs + the buyer holding cost + the buyer stockout cost + the crashing lead time costs

Pt 2, (1 E)_1+_]+Z UQ”+

=G;
lFl

X1 hij [% + kijoij[Lij + (1= Biy) (0iy/Lij ‘P(kij))] +
Nzlg—jjf [mij + 701 (1 = Bif)) (00jy/Lij Wlki)) +
Zy=1g—ZR(Lij) (1)
By doing a modification in Equation 1, the following equation is obtained;

+Z 1hvlz[ml( ——)—1+ ]+Z

Py

TSN by FLD + kijoy T + (1= i) (03T Wlkip) | +

B; B;

l]F

TCG(F;, Lijym;) = X1y Gi— P4
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VENa 2 [y + 0 (1= )}/ oy W) + T Ty 2R(L) )

where W(k;;) = ¢ (ki;)- kij{1-0(k;;)}

miQj
=
5§27
K
> < ‘ ‘

Fi/Pi F/B | Fi/Bi (mi-L)FiB L Fi/BI ‘ Time
miFi/Pi | ‘
' miFi/Bi

Product i inventory
level of buyer 1

Lir| . Qi/Dn Time

— _ ~__ I~ N ~__ — L
Si = QL il o~ fad — Qi ——Jar  —— foi — il
] i Sl i -
|
1

(mi-1)Qi1/Di1

of buyer 2

N
o .

~ j— r
Q2 ——  [Qi2 —~ JIQiZ _ %QiZ

Product i
inventory level

w D
NS
/

o7 —— I S— 1 S| S——
T =<t
|

Li2 | | Qi2/Di2 Time

(mi-1)Qi2/Di2

Product i
inventory level
of buyer N

v
ZZ

—

LiN Qin/Din_ \ ) ‘ ‘ Time
(mi-1)Qin/Din

Figure 1 Inventory integration model of one vendor, multi buyers for products i

In this mathematical model, each L; has an initial value of LEj; and can be reduced to a

minimum limit of LS;. The crashing lead time costs R (L;) has the value as found in the
following;

0, lf Ll] = LEl]
R(Lij) =9

e, if LS;; < Ly; < LE;;
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The searching procedure for the values of F;, Lj, and m; which results in the minimum of the
total inventory cost is developed by assuming that the variable L;; is a constant whose value
will be changed.

The formula to find the value of F; and m; which results in a minimum total inventory cost is

sought by specifying the value of the first partial derivative TCG (F;, L, m;) for each variable

and setting them to 0. Then:

OTCG(FjLyjm;)
aF; -

Itis found that

0

F 2B; ,i_ii+2jy=1Aij+zjy=1[”ij+7'foij(1_5ij)](‘7ij\/L_iij(kij))+Z§y=1R(Lij)] 3)
i =

B; 2B; 1
. N (A T Wt 4 P ) ) D
hvl[ml(l Pi) 1+ P, +Bi2j=1 hijD;j

aTCG(Fi,Lij,mi) _

ami
It is also found that m; = ii] (4)

B
F2l1-=L
hv;F{ [1 P,

As shown in Equation 4 that the value of m; is also the function of F;, then F; can also be

expressed by the following;
1 | 2GiB;
F. =+ [|2GiBi 5
=2 /hw[l_g_:] (5)

Equations 3 and 5 should have the same value. By completing the two equations, the m;
value can be obtained, which will produce the minimum total inventory cost without the
decision variable F;.

Let w; = ZGiBi

p; = 2B; iAij + i[nij +10i;(1 = Bij)] (aij\/Llep(kij)) +iR(LU-)
j=1 j=1 j=1

_ B] . _ 2hvB; | 1 N _ _
Yi = hy; [1 —P—l,] ; 0; = —hv; +f+B—iZ,-=1 hijDij ; T =

4

2GiB;

o121
vi|1=p,

o)i+
m; pi

(6)

Then Equation 3 can be rewritten as; F; =
yim;+0;

Equation 5 can also be rewritten as Fi=(1/m;)z

From those two equations it can be found the value of m; is

Tizei
M= " (7)
The Hessian matrix has been used to prove that the result has the minimum local point. To
find the Hessian matrix value it is necessary to find the second partial derivative value of
the TCG (Fj, Li;, m;) for each variable. Based on the calculations, it can be seen that all leading
principal minor values for all Hessian matrices have values greater than zero.
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3. Results and Discussion

Integrated Supply Chain for a Single Vendor and Multiple Buyers and Products

with Crashing Lead Time

The procedure for finding the values of F;, Lj, and m;, which results in a minimum total
inventory cost, is carried out for each item. The procedure can be seen in the Figure 2.

for the ith product =

‘ SeteschLs=LEsfor 72, N ‘

‘ Czloulae Fiuzing Eq(§) ‘
Caleulae the joint total expected costfor theith
product vsing Eq (2)

‘ Caleulae mewsng Eq(T) ‘

‘ Calculae Fiusing Eq(6) ‘

Caleulae the joint total expected costfor theith
product vsing Eq (2)

|

Find the minimum joint tots] expacted cost for thaith
prosdne t

‘Setujcmmﬂmgbhjwmdwblhme min o jeint

total axpactad cost for the ith product

for the ith product = the miniomm joint
total expactad cost fog the ith product

the minim um joint totz] expected cost for
the ith product < the optimal joint ozl
s

Set Fi, Ly, msComre sponwding to Fi L ms which obin the
optimal joint total expacted cost for the ith product

‘ Roundup and rovnddonwn m ‘

Caloulae F:for the rovndup valoe of me and the
rounddown valoe of ms vaing Eq (&)

Caleulaie the joint totsl expected costfor theith
product using Eq (2)

|'Ihe

optimal Fi, Ls, ms is comesponding toFi, Ly, ms which Obtain
the smaller joint tom] expeced cost for the ith product

Figure 2 The procedure for finding the optimal value for F;, L, and m; for product i
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Each case has its own parameters or data and the goal is to determine the values of F;
Li, and m;. The model was applied for the case of one vendor, two buyers, and two products
using data from Table 1. The purposes are to determine the optimal value for variables F;,
Lij, and m;for item 1 and 2. The initial value of L;; and L1z are equal to 3 and 4, respectively.
The values of L;; and L1z are changed interchangeably and are reduced by 0.14 to reach LS1;
and LS;i2. For each combination of Li; and Liz, the values of m;, F;, and the total inventory
cost are calculated using Equations 7, 6 and 3. To get the integer value of my, the value will
be rounded up and down and the values of which give in a smaller total inventory cost is
the optimal solution. The same procedures are also used for the item 2. Table 2 is the
recapitulation of the optimal solutions which give the minimum total cost of inventory.

Table 1 The case study data

G; =$600/setup A, =$18/order LS, =2 weeks C»,=$5/week/order
= - - hy;p =
G, =$500/setup Ay,  =%12/order LS,, =1week $20/unit /year
= ; - ; — hyy =
hv, =9$15/unit/year o077 =7 unit/week f1; =0.5 $15 /unit /year
_ . 0-21 =10 _ hlZ =
hv,  =$10/unit/year unit/week P =05 $18/unit/year
P1 =3.000 012 =20 ﬁ =05 hzz =
unit/year unit/week 12 ' $12/unit/year
PZ =2.500 0-22 =15 _ _ .
unit/year unit/week Poz =05 M1y =$50/unit
D;; =600unit/year LE;; =3 weeks g1 =0.2 Ty, =$45/unit
DZl =1.000 _ _ _ .
unit /year LE;; =4 weeks g1 =02 T,  =$60/unit
D12 =2.000 _ _ _ .
unit /year LE;, =4 weeks qi2 =02 Ty, =$55/unit
D,, =800unit/year LE,, =3weeks gz, =02 To11 = $100/unit
A;;  =$20/order LS;; =1week c11  =9$5/week/order Ty =$125/unit
A1 =$15/order LS;; =2weeks cp1  =9$5/week/order Ty, =$120/unit

c12 =9$5/week/order Ty, =$110/unit

Table 2 Recapitulation of optimal solutions for the case study

Liq Ly my E Lyq Ly, m; F,

1.6 2 4 312.216 2 1.46 3 292.763

3.1. Sensitivity Analysis
This section reveals the sensitivity analysis that was performed for the parameter

values of By, cij, LEj;, LS, and o;.

a. The Parameter of the Backorder Fraction for item i (f;). When the ;; value decreases,
the F; value will tend to increase. Conversely, when the parameter f; increases, the
value of F; will also tend to decrease. The parameter f; has an effect on the value of L.
The parameter B does not have much effect on the value of m;. The total inventory cost
will decrease by around 3.3% when the parameter f; increases by 20% and will
increase by around 3.5% when the parameter f;; decreases by 20%.

b. The Positive Constant on Exponential Function Crashing Lead Time Cost of Buyer j and
item i (c;). When the value of cj;decreases, the F; value will tend to decrease. Conversely,
when the parameter c;j increases, the value of F; will also tend to increase. However, the
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increase and decrease are not very significant. The L; value will increase or decrease
when the cj parameter is changed by +£5%. The total inventory cost will also change by
+2% and -1.7% if the value c; is changed by +20% and -20%, respectively.

C. The Initial Parameter Value of Lead Time for Buyer j and Item i (LEj). This parameter
does not have enough effect on the value of F; Lj, and m; When this parameter
decreases or increases by 0.7, the values of F;, L;j;, and m; do not change.

d. The Lower Limit Parameter Lead Time for Buyer j and Item i (LS;). When this
parameter LS;; decreases, the value of F; will also tend to decrease. Conversely when the
parameter LS;; increases, then the value of F; will also tend to increase. The parameter
LSjis quite influential on the value of L;. The parameter LSj; does not have an effect on
the value of m;. The total inventory cost will increase by around 3.5% when this
parameter increases 0.7 and will decrease by around 2.4% when this parameter
decreases 0.7.

e. The Demand Standard Deviation Parameter of Buyer j, [tem i (0;;). When the parameter
oij decreases, the value of F; will tend to decrease. Conversely, when this parameter
increases, the value of F; will also tend to increase. The parameter oy is quite influential
on the value of Lj. The m; value will decrease when oj; increases by 20%. The total
inventory cost will increase or decrease if this parameter increases or decreases,
respectively.

4. Conclusions

The following are the conclusions of the study: (1) The equation of the total inventory
cost between a vendor and many buyers and products, the existence of a stock out, and the
possibility for buyers to reduce the lead time has been modeled; (2) The total order of all
buyers that can minimize the total inventory cost between vendor and buyers has been
derived; (3) Lead time that can minimize the total inventory cost between vendor and
buyers by considering the possibility for buyers to reduce their lead time was derived; (4)
The frequency of shipping in a production cycle that can minimize the total inventory cost
between vendors and buyers has also been derived costly, and it does not affect the interior
spaces. Also, this method can be applied to existing buildings which reduces the need for
mechanical heating or cooling systems and associated costs. Last, considering the quality of
materials and their associated infiltration rates, designers can draft intelligent facades to
increase the energy efficiency of new and existing buildings by adapting the geometries to
account for wind pressure and direction.
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