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ABSTRACT 
Tunable diode laser absorption spectroscopy (TDLAS) has been well-known as an established 
detection technique for trace gas molecules and analytical instruments based on this technique 
are already commercially available. Practical applications to combustion control and emission 
monitoring for incinerators and industrial furnaces often involve considerations about the 
technique’s capability to cope with such harsh measuring environmental conditions as high 
temperature, high pressure and high humidity. In this study, we theoretically describe the laser 
modulation spectroscopy technique and discuss practical applicability of the technique through 
a comparison between laboratory experimental results and theoretical calculations by the use of 
a molecular spectroscopic database, stressing on hydrogen chloride (HCl) measurement for 
exhaust gas of incinerators. Under experimental condition of elevated temperature, observed 
absorption line strength deduced by the second harmonic absorption spectrum of HCl in the 
first overtone region shows good agreement with theoretical prediction. This result indicates 
that variation of absorption signal due to temperature variation of flue gas can be compensated 
if gas temperature is simultaneously obtained. 
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1.  INTRODUCTION 
Exhaust trace gas concentration monitoring in an incinerator is important for avoiding air 
pollutions and also for combustion control and efficiency improvement. A trace gas 
concentration measurement technique making use of a laser diode (LD) has recently gained 
increased popularity since it does not require sampling of a flue gas and thus can easily perform 
real-time and in situ monitoring with less maintenance.  

From the viewpoint of reducing the adverse influences of the circumstance to the measurement, 
the frequency modulation spectroscopy (FMS), or the wavelength modulation spectroscopy 
(WMS) has been preferably adopted. In WMS, the laser frequency is modulated at a much 
lower frequency than FMS.  
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However, it is not easy to obtain the absolute concentration of the gas molecule of interest 
because FMS or WMS signals could be drastically affected depending on the ratio of the 
modulation amplitude to the half-width of the absorption spectrum, as well as on the 
temperature, pressure and humidity of the sample gas. In this paper, the fundamental theory of 
the FMS (WMS) method is briefly described and the FMS (WMS) signal is simulated. The 
laboratory experimental result of HCl (hydrogen chloride) measurement under the elevated gas 
temperature is compared with the theory, and the practical applicability of the FMS (WMS) 
technique to emissions monitoring and combustion control is discussed. 
 

2.  FREQUENCY MODULATION SPECTROSCOPY 
In the strict mathematical treatment (Cooper & Warren, 1987), the electric field of the input 
signal of FMS can be written as  
 

  (1) 
 

   (2) 
 
 

where E0(t), f, Ms,  and   respectively denote the electric field amplitude of the carrier signal, 
the modulation frequency, the amplitude modulation factor, the frequency modulation 
amplitude and the phase difference between amplitude modulation and frequency modulation. 
In (1) and (2), the frequency of the carrier signal   is implicitly expressed in E0(t), and i is the 
imaginary unit. In (2), rn denote the coefficients of the amplitude when the modulation 
frequency is expanded in Bessel series. In this treatment, Fourier transform of (2) is multiplied 
by the molecular absorption term   i 2exp , where  and  respectively denote the 
molecular absorption coefficient and the phase shift by the sample medium, and then the 
resultant terms experience inverse Fourier transform. During this procedure, only necessary 
harmonic components have been picked out and the square of the amplitude of these 
components yields the FMS signal. Alternatively, the FMS signal can be obtained by the 
numerical Fourier transform of the transmitted signal (Uehara, 1998). 

Our treatment in the present study follows Silver (1992), where the approximated description is 
valid on the assumption of the weak absorption. For the optically thin condition of a weak 
absorption, the transmitted light intensity can be written as:  
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where I0() is the incident laser intensity at the frequency  and L is the optical path length 
(Reid & Labrie, 1983). As the angular frequency  is the temporal derivative of the phase , 
t) is given as follows.  
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Here   and  are respectively the frequency and the angular frequency of the incident laser 
light, and a = �f. When we assume the incident laser intensity is independent of the laser 
frequency in the vicinity of resonant frequency 0  of the target gas, then  

 
(5) 

 
Using the relationships (Reid & Labrie, 1983; Wilson, 1963) of  

 
 (6) 

 
and  
 

 (7) 

 

where   tT   is the transmission coefficient and  aHk ,  is the Fourier component of 

absorption coefficient  fta  2cos , the n-th order higher frequency is written as  

 
 (8) 

 
Here  nH  is given as  

 
 (9) 

 

 

For the uniform gas concentration with Lorentzian absorption line shape under uniform 
temperature and pressure along the optical path, the absorption is given as  

 
 (10) 

 
 

 (11) 
 
 

Here P is the total pressure, X is the concentration (the partial pressure) of the target gas, S is 
the absorption line strength, is the spectral distribution function and C is the full width at 
half maximum (FWHM) of the absorption spectrum. Also x and m are set as  

 
 (12) 

 

 

where m is the modulation index.  

The Fourier coefficient was calculated by Wahlquist (1961) and Arndt (1965). For the second 
harmonic frequency, Fourier coefficient H2(x, m) is expressed as:  
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 (13) 

 
 

where M = 1 x2 + m2, and the second harmonic frequency signal is given as  

 
 (14) 

 
 

Figure 1(a) illustrates the calculated second harmonic frequency signal for the modulation index 
m = 1, 2, 3, 4 and 5. As shown in the figure, the shape of H2(x, m) traces are varied depending 
on the modulation index, i.e., on the ratio of the modulation amplitude to the half-width at half 
maximum (HWHM) of the absorption spectrum. Figure 1(b) apparently shows the peak height 
of H2(x, m) dependence on the modulation index. The inset explains the definition of the peak 
height P and the separation between the peak and the trough (the extreme minimum) P+N of the 
second harmonic absorption signal. The peak height P has its maximum at m ~ 2.2, while the 
separation between the peak and the trough P+N appears at m ~ 3.1. 
 

 

Figure 1 (a) Shape of H2(x, m) traces with different modulation indices m and (b) m-scale 
dependence of normalized 2f peak height and separation between peak and  trough. 

 

From Equations (13) and (14), the peak height P2f at the center of the absorption spectrum 
( 0  , i.e. 0x ) can be written as  

 
 

 (15) 
 

Thus the concentration of the target gas XL is given as  
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These treatments correspond to the strict solution by Cooper & Warren (1987). 

For the measurement in an actual incinerator, there exist some adverse influences on the higher 
order harmonic signal of the absorption. The laser intensity could be unexpectedly fluctuated 
because the measuring circumstance is not ideal. Due to the nonuniform concentration, 
temperature and pressure distributions along the optical path, and also due to laser light 
attenuation by aerosol scattering and absorption other than the resonance absorption, the second 
harmonic signal is distorted. In the case of small background noise, the influence of the 
intensity fluctuation can be reduced using the DC component of the absorption signal. 

 
3.   COMBUSTION SYSTEM  
FMS (WMS) is one of the promising candidates for measuring the gas component of exhaust 
flue in a waste incinerator. In a schematic drawing of a typical waste incinerator (Figure 2), the 
arrows indicate the gas flow through the whole incineration system, and the solid circles 
represent the recommended measuring points for FMS (WMS). Wastes gathered from 
households and industries are thrown from the left-hand side of the figure and burned at a 
temperature ranging from 800-1000 °C, and the ashes are collected at the bottom. The burned 
gas is cleaned and then the temperature is lowered to ~ 200 °C in order not to generate dioxin. 
After the injection of the chemical reagent such as calcium hydroxide to reduce the caustic 
component such as HCl, the dust is removed by the bag filters, and then the flue gas is released 
to the atmosphere through the chimney at the right-hand side.  

Before releasing, or during the process of cleaning, the harmful components in the exhaust gas 
are monitored and controlled to observe the allowance limit of the emission. For the monitoring 
purposes, FMS (WMS) can be applied, especially for HCl, CO (carbon monoxide) and O2 
(oxygen) observations. The measurements of CO and O2 are also useful for controlling the 
combustion efficiency. 

 
4.  OPTICAL PROPERTIES OF EXHAUST GAS 
For the molecular spectroscopic database, HITRAN 2008 edited by Rothman et al., (2009) has 
been generally used. Figure 3 shows the distribution of the absorption bands of 16O2, 

12C16O and 
1H35Cl as the function of wavelength in the NIR (near infrared) and the MIR (mid infrared) 
region. The ordinate shows the absorption strength at the reference temperature of Tref = 296 K.  

Though O2 is a symmetric molecule, it has an absorption band near 760 nm (A-Band) due to the 
magnetic dipole interaction of its nuclear spin (Brown & Plymate, 2000). The rotational 
quantum number of the lower level N  , and the upper level N  , are odd and even, respectively, 
so the spin quantum numbers are S   = 1 for the lower state and S   = 0 for the upper state. 
Therefore, the total angular momentum, SNJ   (N: rotational angular momentum, S: spin 
angular momentum), has three distinct energy levels for the lower state ( J  = N  1, N  , 
N  +1) and only one level for the upper state ( J = N  ). The notation of a rotational transition is 
expressed by the combination of JJΔNNΔ  . 
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Figure 3 Distribution of absorption bands in NIR and MIR wavelength region for 
16O2, 

12C16O and 1H35Cl 

 

 

Figure 2 A schematic drawing of a typical waste incinerator 

 

In Figure 3, for the vibrotational transitions of 12C16O and 1H35Cl, v (= vv  ) = 1 and v   = 0 
is the fundamental transition, where v  and v   are respectively the upper state and the lower 
state vibrational quantum numbers. The transitions for 2Δv are the overtones. It is obvious 
that the absorption strength at the room temperature of the first overtone ( 2Δv , v   = 0) and 
the second overtone ( 3Δv , v   = 0) are one over several tens, and one over several thousands 
of that for the fundamental transition, respectively. So the observation of a fundamental 
transition is preferable. However, due to the commercial availability of LD light source, the 
absorption lines below the 2 m wavelength region are commonly selected. According to this 
restriction, the first overtone band for HCl (1.7-1.8 m), and the second overtone band for CO 
(1.6 m) are generally used for monitoring by FMS (WMS). 
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Figure 4 shows the relationship between the rotational quantum number and the absorption 
strength S(Tref) for the fundamental, first overtone and second overtone bands for HCl. The 
transitions for J = 1 correspond to the P-branch and are shown in the left-hand side of the 
figure, and  J = 1 correspond to the R-branch on the right-hand side. In the first overtone band 
( 2v  ← 0v ), R2 transition (J = 1, J   = 2) shows the strongest absorption strength, and 
the strength of R10 transition (J = 1, J   = 10) is about 1/50 of that of R2. The observation of 
the R2 absorption line seems to be suitable for the monitoring of HCl concentration, but in an 
actual incinerator, a significant amount of water vapor exists and the H2O absorption near the 
R2 absorption line of HCl could interfere with the HCl measurement. R3 transition ( J = 1, J   
= 3) at 1.74238 m is usually used instead of R2 transition because R3 transition shows the 
favorable absorption strength and is expected to be less affected by water vapor absorption than 
R2 transition. 

 
5.   LABORATORY EXPERIMENT 
The WMS measurement of the first overtone HCl absorption transition ( 2v  ← 0v , R3) 
at 1.74238 m was performed in the laboratory of Kyoto Electronics Manufacturing Co., Ltd. 
To observe the intended absorption line, a temperature-stabilized DFB (distributed feedback) 
laser diode was used. The emission wavelength of the laser was scanned and modulated by 
controlling the injection current. HCl standard gas of a certain concentration was introduced to 
a test quartz cell with wedged windows. The optical path length of the test cell was designed to 
be 50 cm. The gas temperature inside the test cell was maintained from room temperature to 
250°C (similar to the gas temperature at the chimney in a waste incinerator) by a controlled 
heating apparatus, and the gas temperature inside the test cell was measured by thermocouples. 
The absorption signal was detected by an InGaAs photodiode detector, and the second 
harmonic frequency signal was obtained by a lock-in amplifier. 

An example of the experimental results is provided (Figure 5). The gas temperature variations 
of the second harmonic frequency signal are also illustrated (Figure 5(a)). The ordinate is the 
amplitude of the second harmonic frequency signal in the arbitrary scale, and the abscissa 

 

Figure 4 Rotational quantum number dependences of S(Tref) for HCl. Horizontal 
axis shows rotational quantum number. 1JΔ  corresponds to P-branch, and 

1JΔ  R-branch. 
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corresponds to the wavelength. The full scale of the abscissa shown here approximately 
corresponds to the wavelength span of 0.15 nm. As the temperature of the flue gas increases, 
the peak height and the trough depth of the spectrum gradually decrease. The wavelength gap 
between two troughs represents the full-width of the absorption spectrum. A subtle narrowing 
effect was observed with the rise of the gas temperature. Figure 5(b) shows the temperature 
dependences of the observed peak height of the second harmonic frequency spectra            
(Figure 5(a)) and the simulated theoretical absorption strength based on the HITRAN 2008 
database (Rothman et al., 2009). Both data sets are normalized by the value corresponding to 
the gas temperature of 23°C. As can be seen in the figure, a good agreement between the 
experimental data and simulation has been obtained. These results encourage the possibility of 
temperature compensation of the peak height of the second harmonic frequency signal, i.e., the 
concentration of the gas component of interest, when the gas temperature is simultaneously 
measured. 

 
6.  SUMMARY 
In a waste incinerator, the concentration measurement of the combustion and the exhaust gas 
component under harsh environmental conditions such as high temperature, high pressure and 
high humidity has become increasingly important in order to monitor emission and control the 
combustion condition. The optical measurement methods are considered to be ideal for these 
purposes because these methods can intrinsically perform real-time, in situ and automated 
measurements. Among those optical methods, TDLAS based on FMS (WMS) is one of the 
most suitable methods.  

In this paper, we described the approximated theory of FMS (WMS) on the assumption of the 
weak absorption. As an example of the experimental result to discuss the practical applicability 
of FMS (WMS), we demonstrated the temperature dependence of the second harmonic 
frequency signal of HCl absorption in the first overtone band. The experimental data show good 
agreement with the theoretical prediction based on the molecular spectroscopic database. This 
result encourages the possibility of the compensation method for the variation of the FMS 

 

Figure 5 (a) Experimentally obtained temperature variations of second harmonic 
frequency signal of HCl R3 2v  ← 0v  transition at 1.74238 m and  

(b) Comparison between experimental peak height of second harmonic spectrum 
and theoretical absorption strength simulated with HITRAN 2008 database 

(Rothman et al., 2009) 
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(WMS) signal due to the fluctuation of gas temperature. As described above, the FMS (WMS) 
signal could be affected by the measurement circumstance, such as temperature, pressure and 
humidity. To derive the absolute concentration of the gas component in the actual combustion 
field correctly, it is desirable to clarify and consider how the circumstance affects the FMS 
(WMS) signal. 

The emission wavelength region of the cost-effective and practical laser light source to date is 
less than 3 m. The quantum cascade lasers (QCL) or the interband cascade lasers (ICL) can 
reach the wavelength region of the fundamental vibrotational transitions. With increased 
availability and use of such lasers, the environmental gas concentration measurement based on 
TDLAS technique with high sensitivities will extend its applicability to the wide fields of the 
environmental monitoring. 
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